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Abstract
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Let 2R be the real Euclidean space, D be a domain in 2R with piecewise-smooth
boundary D¶ and S be a smooth part of D¶ .

Let ),(),,( 2121 yyyxxx == be points of 2R , and let )(xU satisfy in the domain D
the homogeneous Lame system:

L ,0)( =xU (1)

where L= D++D ,)( divgradmlm is the Laplace operator, ml , are the Lame
constants such that mlm 2,0 - .

Set

SyygyUnT
yfyU

y =¶
=

),()(),(
),()(

(2)

where ))(),(()( 21 yfyfyf = and ))(),(()( 21 ygygyg = are given continuous vector
functions on ),(, nTS y¶ is a differential operator with components
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jijyij mldm , where ijd is the Kronecker

symbol.

It is required to extend )(yU into D , using the given f and g .

In this paper we present a solution method based on the Carleman function [1].

Using the Carleman function for the Cauchy problem for the Laplace equation, the
Carleman matrix for the Cauchy problem for systems of elasticity equations in bounded
domains was constructed in [2,3], and for the multidimensional case in special unbounded
domains the problem was considered in [2].

Definition 1. A ( )22x matrix ( )s,, xyP satisfying the following two conditions is
called the Carleman matrix of problem (1), (2):

1) ( ) ( ) ( )ss ,,,,, xyGxyxy +G=P ,

where s is a positive numerical parameter, the matrix ( )s,, xyG with respect to the
variable y satisfies system (1) everywhere in D , ( )xy,G is the matrix of fundamental
solutions of the elasticity system.

2) ( ) ( ) ( )( ) ( )
¶

P+P
SD

yy dsxynTxy
\

,,,,, sesss ,

where ( ) 0®se , as ®s uniformly in x on compact subsets of D ; here and below

P denotes the Euclidean norm of the matrix ijP=P , i.e.
2/1

1,

2P=P
=

m

ji
ij , in particular

2/1

1

2=
=

m

i
iUU , for the vector ( )mUUU ,...,1= .

Definition 2. The vector function ( ) ( ) ( )( )yUyUyU m,...,1= is called regular in D , if it is
continuous together with its second-order partial derivatives in D and first-order partial
derivatives on DDD ¶= .

Theorem 1. Every regular solution ( )xU of equation (1) in the domain D is given by
the formula [4]

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }( )
¶

¶-¶=
D

yyy DxdsxyГnTyUyUnTxyГxU .,,,,,

It is easy to see that, from the definition of the Carleman matrix and the well-known
Green integral formula, in the latter formula the fundamental solution ( )xyГ , can be replaced
by the Carleman matrix. Hence the following holds.
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Theorem 2. Every regular solution ( )xU of equation (1) in the domain D is given by
the formula

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }( )
¶

P¶-¶P=
D

yyy DxdsxynTyUyUnTxyxU ,,,,,,, ss , (3)

where ( )s,, xyP is the Carleman matrix.

Let ( ) ivuK +=ww , , ( vu, real) be an entire function taking real values on the real axis
and satisfying the conditions.

( ) ( ) ( ) 1)(

`1
,2,1,0,,sup,0 RupupMKvuK pp

V
=<=w

Set 11 xy -=a .

Define the function ( )xy,f for 0>a by the following relation:

( ) ( ) ( )
+-++
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(4)

Using the function ( )xy,f , construct the matrix

( ) ( ) ( ) ( ) ( )
( )( ) ( ) )5(,

22
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Let now D be an infinite domain in 2R , lying inside the strip of smallest width defined

by the inequality .0,,0 2 >=<< r
r
phhy Moreover, D¶ consists of the smooth part S and

02 =y . We shall assume that for some 00 >b the area of D¶ satisfies the growth condition

( )
¶

<<<-
D

ydsyb ,0,expexp 0100 rrr (6)

For 0s in (4)-(6) let

( ) ----=
22

exp 011
hchibhbchiK wrwrsww ,

where ( )
1

0012102 2
cos0,0,,0,,

-

>><<+=
hbbbhxivy rrrrw .

Take ( ) ( )xyxy ,,, fsf = and ( ) ( )xyxy ,,, P=P s . In [1] the following is proved.
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Lemma 1. The function ( )sf ,, xy can be represented in the form

( ) ( ) xyrxyg
r

xy -=+= ,,,1ln
2
1, s
p

f

where ( ),,, sxyg is a function defined for all values of xy, and harmonic with respect
to the variable y throughout 2R .

From this lemma it follows that the matrix ( )s,, xyP is the Carleman matrix of problem
(1), (2).

Assume that ( ) ( )DAxU and

( ) ( ) ( ) DyMyUnyTyU ¶¶+ ,, . (7)

Under these assumptions, formula (7) holds, where

( ) ( ) ,,exp2 2
221

2 yuihxK ++=+-= - awswww

Introduce the notation

( ) ( )[ ( ) ( ){ } ( ) ( ) ( ){ } ] .,,,,,,, DxdsxynyTyUyUnyTxyxU y
S

P¶-¶P= sss

( ) ( ) ( ) ( ){ ( ) ( ) ( )( ) }.,,exp0exp,: 11 DyyyyUnyTyUDAxUDA ®¶+=r

Theorem 3. Let ( ) ( )DAxU r satisfy boundary condition (7). Then

( ) ( ) ( ) ( ) ,,exp, 2 DxxxMCxUxU -- ssrs

where ( ) ( )
=

=
0

3
2

,
y

y

r
ds

CxC rr

REFERENCES
1. Yarmukhamedov Sh. On the Cauchy problem for the Laplace equation. DAN SSSR, 1977,

vol. 235, no. 2, pp. 281-283.

2. Makhmudov O. I., Niyozov I. E. The Cauchy problem for the system of elasticity equations
in an infinite domain // Uzbek Mathematical Journal. 2006. No. 4. pp. 44-53.

3. Makhmudov O., Niyozov I. The Cauchy problem for the Lame system in infinite domains
in mR // Journal of Inverse and Ill-Posed Problems. V14. N9. 2006. pp. 905-924(20).

4. Kupradze V. D., Burchuladze T. V., Gegelia T. G., et al. Three-dimensional problems of
the mathematical theory of elasticity and thermoelasticity. Classical and micropolar theory.
Statics, harmonic oscillations, dynamics. Fundamentals and methods of solution. Moscow:
Nauka, 1976.

https://www.academicpublishers.org/journals/index.php/ijai

