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Let’s consider the boundary value problem for the following double harmonic equation:
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u(-1,y)=0,u(l,y)=0,
u(x,-1)=0,u(x,1)=0.

=—f(x,y),—l<x,y<l, (1)

ou ou

_(_lay) = 0,—(1,)/) = 09

Oox Oox @)
M e1y=0, 2% (1) =o0.

oy oy

Choosing a test function (determining solution) for problems (1)-(2)

uil)(x’ y) — (1 _x2)2(1 _ yZ)ZeAsinxsiny’

U (x,p) = (=X (1= )", )

To determine the form of the f(x,y) function from formula (1), we substitute solution (3) into

equation (1) and will have the following appearance:
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f(x,y) == ((y* =1)*(4sin y(3(x*> =1)*sin” x + +sin x(=64° (x> —1)°

sin’® ycos® x —48 Ax(x*> —1)sin ycos x +(x* —74x* +25)) + Asin ycos® x

(A°(x* =1)*sin® ycos® x +16 Ax(x> —1)sin ycos x —4(x* —=20x> +7)) +
+16x(7—x*)cosx)+24)+2 ((A(y* =1)°(x* =1)(=24(x* =1)cos2ycos’ x —
—sinxsin y(x*> —1)+8xcos xsin y) + A(y* —1)*sin xsin y(A(x* —1)*sin y

(—cos” xsin y+sin x) + 8 4x(1— x*)cos xsin y ——12x” +4) — A(y* —1)sin x

cos y(Asin x(y* =1)cos y +8y)(—=4*(x* =1)*cos’ xsin’ y + A( x> —1)’ sin xsin y —
—8Ax(x* —1)cos xsin y—12x° +4)—4(3y* —1)(—=A4* (x> —1)* cos’ xsin’ y +
+A(x* —1)*sin xsin y —84x(x* —1)cosxsin y —12x”> +4)— A(y* = 1)(x> —1)cos y

(2A(y* —1)sin xcos y +8y)(—2A4(x*> —1)cos” xsin y +(x* —1)sin x —8x cos x))) +
+(x* —1)*(4sin x(3(y* —1)* sin® y++sin p(~=64°(y* —1)’ sin” xcos” y—48 Ay

(y* =1)sinxcos y+(y* —74y* +25)) + Asin xcos” y(A*(y* —1)* sin® xcos* y +
+16A4y(y* —1)sinxcos’ y—4(y* =20y> + 7)) +16 (7 — y*) cos y) +24)).

To numerically model the differential problem (1)-(2), we first use the discrete variant of the
integration method. We search for the approximate solution u,(x,y) and the right-hand

function f(x,y) in the form of a series of finite Chebyshev polynomials of the first kind:

N M N M
u,(x,)="" ‘'aLOT,(y), fxy)= "' "gLXT(y), 4)
=0 j=0 i=0  j=0

here, a; and g, are unknowns, and the bar code in the sums means that if the indices i or j

are equal to 0, then they are multiplied by % , and if they are i = j =0, then they are multiplied
1
by —.
Y 4

In this case, we enter the following lines to calculate the derivatives:

a4u N M ()
L= ' 'gT(0)T.(y),
ax4 0 =0 i z( ) ](y)
841/[ N M (2x,2)
B0 g T OT )
i=0 j=
O'u, _ ™M
L= ' g T(x)T.(p).
ay4 =0 j=0 ! ’

Based on formulas (4)-(5) and equation (1), we form this equation [1-3]:

page 1114


https://www.academicpublishers.org/journals/index.php/ijai

é% INTERNATIONAL JOURNAL OF ARTIFICIAL INTELLIGENCE

A\ #

\G C\) F. . AMERIGAN
OQ‘ «g\

IS5 " ACADEMIC
?& ISSN: 2692-5206, Impact Factor: 12,23 b7~ PUBLISHER *

American Academic publishers, volume 05, issue 09,2025

Journal: https://www.academicpublishers.org/journals/index.php/ijai

) N M . N M ) N M
" OaT L)+ e TOT0 " g TOT(n == g L),
=0 j=0 =0 j=0 =0 j=0 =0 j=0

or by equating the coefficients in front of Chebyshev polynomials of the same order, we form
this equation:

(4x)
a;

i=0,1,2,..,N,
j=0,1,2,... M.

(2x.2y) (4y) _
+ a; + a; " =—8;>

By using a discrete formula of the integration method[1-2]:
kx hx
g hr = Qs %

Pt (6)

both sides of this equation are integrated four times. Then, from the expression of boundary
conditions (2) in terms of rows, we form this algebraic system (7):
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K (=D +DG+2) +3)a, 4+ =D0 =2)0 ~3)a, ;0) — (K, (1)
G+DG+DG+3)+Z)a, , ,— (K, =DG-DG =2 =3)+Z,)a, ., +
+(Z,+Z,)a, ;+K (] -9+ +Da,,;, 2K2](] -9@+Da,, ,+

+K, (2 =9+ D(j—Da,_, ., +K,(j =G -D(j+Da,,, ., —2K,j

(J* =N =Da,, ,; +K,(j* =G =D ~Da,,, ., +16°(j* =D’ (j* —4)

(J* =NC T, ~C,T,+CT)) = =Ci(i =D j((j + DU +2) G+ ~Dg s 4
40 =D = +3)g,y,, +6j( =D =9g ., — 407 =D -4
(J=3)8 4,0+ (F =D =2 =3 =D, 4 jra) +J (2, (i =2) + Cy(i +1))
((G+DG+2)G+3)=Dg, s, =40 DG =D +3)8 00+

+6,(j* =D(Jj* =98, o, =40 =D =D =3)8 1,0 + (G =D =2)(j -3)
(' =g 5 j.a) = J(C, (i =3) +2C,i + C (i + N+ DG+ +3)* ~Dg ;o ~
4 =D =D +3)g, 5+ 6 D =Ng,,—4( =D ~-4)
(J=3)8 ;0 + (G =D =2 =3’ ~Dg, ;o) + J(C, (i =) +2C, (i +2))
(G+DG+2)G 3G =Dg a0 =40 = DG =D +3)g 00+

+6(j* =D(J* =981, — 40" =D’ =D =3)1a 00 + (G =D =2)(J ~3)
(J* =182 110) =~ Co+D (G +DG + DG+ =Dgrg ;0 — 407 =D —4)
(438140 6 = DG =9g1s; ~ 4G =D =N =3)€14 0 + (1)
(=2 =3 ~DE s jra)s

1
Eai’o ta,ta, +..ta,, = 0,

a,+a,;+a;5+..+0a,,,,=0, (i=0,N)
4a,,+16a,, +36a,;+..+(2M)*a, ,, =0,
a;,+9a,;+25a;+...+(2M -1) 2ai’zM 4, =0,

Ay +a,, +a,; +..+a,y = 0,

a;+a; ;+.tdyy, ; =0, (j=&M),

4a, ;+16a, ,+36a,  +..+(2N)’a,, ; =0, (7)
a, ;+9a, ; +25a5 ; +..+ (2N ~-1)’a,, 4, =0,

here
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K, =16ij(i* - 1)*(@* -4 -9),
K, =32ij(" = 1)* = 40" =9)(j* = D" ~4),

T=(- l)ai—4,j —-2(i— 2)ai—2,j +(i- 3)ai,‘/a

T,=(@+Da,,,—2ia, ;+(i-Da,,,,
T, =(+3)a, ;- 2(i+2)a,, ;+(@+Da,,
Z, = GK,(j~1)(j +2)+ 2K,i)(j> ~9)(j +1),
Z,=GK,(j =2+ ) +2K,)( =9 - D),
C, =i(i+1)°{+2)(i+3),
C, = 2i(i* - 4)(i* - 9),
C,=i(i—-1)’(i-2)i-3).
In this system, (N +1) (M +1) unknowns a;(i=0,1,.,N;j=0,1,..,M) are determined.

From system (7), the coefficients a, are obtained and substituted into the formula for the

approximate solution:
N M
u,(x, )= "' g, T()T,(y)
i=0  j=0

The values of the approximate solution at the nodal points (x,,y,) are computed and

compared with the exact solution u,(x, y) of the given problem.
The dynamics of the exact and approximate solutions for the function u (x,)) are

illustrated in Fig. 1 for the case 4=1,N =M =50.
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0) approximate solution u,

Fig. 1. a) exact solution u,
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